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Abstract. Recently an operator space version of type and cotype, namely 
type (p, H) and cotype (q, H) of operator spaces for l<p<2<q<oo and 
a subquadratic and homogeneous Hilbctian operator space H were introduced 
and investigated by the author. In this paper we define weak type (2, H) (resp. 
weak cotype (2, H)) of operator spaces, which lies strictly between type (2, H) 
(resp. cotype (2, H)) and type (p, H) for all 1 < p < 2 (resp. cotype (q, H) for 
all 2 < q < oo). This is an analogue of weak type 2 and weak cotype 2 in the 
Banach space case, so we develop analogous equivalent formulations. We also 
consider -weak-H space, spaces with weak type (2, H) and weak cotype (2, H*) 
simultaneously and establish corresponding equivalent formulations. 



1. Introduction 

Hilbert spaces are usually regarded as best among Banach spaces in many as- 
pects. One of them is the characterization of Hilbert spaces by type and cotype 
notions. Recall that a Banach space X is called (gaussian) type p (1 < p < 2) if 
there is a constant C > such that 

7T, j2 (»*) <C-t(v) 

for i + ~ = 1 and any v : X — » n € N and (gaussian) cotype q if there is a 
constant C > such that 

n q , 2 (u) < C ■ £(u) 

for any u : — > X and n £ N. Here, 7T gi 2(") is the (g, 2)-summing norm defined by 

. fT.Y->V^ ,„ n f (£ fc l|rSefcll 9 )M 
^, 2 (T . X - Y) - ,up[ llS:h ^ xl] }, 

and £*(•) is the trace dual of ^-norm £(•) defined by 



i{u) := 



^g k {uj)ue k 

fe=i 



dP(cj) 



A' 

for a family of i.i.d. standard gaussian variables {<?&} on a probability space (0, P). 
It is well known that a Banach space is isomorphic to a Hilbert space if and only if it 
has type 2 and cotype 2 simultaneously. Since type p implies type r for 1 < r < p < 2 
and cotype g implies cotype s for 2 < q < s < oo we can say that type and cotype 
are measurements for being close to Hilbert spaces. 

In the operator space category homogeneous Hilbertian operator spaces play a 
similar role of Hilbert spaces in the Banach space category (See [19] and [21]). A 
Hilbertian operator space if (i.e. if is isometric to a Hilbert space) is called homo- 
geneous if for every u : if — > if we have ||u|| cb = ||u||. Note that we usually assume 
that ff is infinite dimensional and separable. Thus, it is natural to expect type 
and cotype notions which could be appropriate measurements for being close to if. 
In [5] the author have considered type (p, if) and cotype (q, if) of operator spaces 
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with additional assumption for H to be subquadratic, which are generalizations of 
OH-type 2 and OH-cotype 2 of Pisier in [T7] (Precise definitions will be given in 
section [2] and see [5j [6j [9] for other type and cotype notions of operator spaces). 
We say that H is subquadratic if for all orthogonal projections {Pj}-Lj in H with 
Ih = Pi + • • ■ + P n we have 

n 
i=l 

for any x G B(£ 2 ) ® if (See p.82 of [2D]). Note that i?„ = [E,C]i (1 < p < 
oo) (complex interpolation of the row and column Hilbert spaces) and min^ (the 
minimal quantization (chapter 3 of [21]) of £2) are subquadratic, but max £2 (the 
maximal quantization of £2) is not subquadratic (not even completely isomorphic 
to such a space). 

As in the Banach space case we could say that type (p, if) and cotype (q, if) 
are measurements for being close to if and H* , respectively. For example if and 
if* have type (2, if) and cotype (2, if), respectively, and if we assume that if* is 
also subquadratic, then an operator space has type (2, if) and cotype (2, if*) if and 
only if it is completely isomorphic to if. See [9] for the details. 

In the Banach space case, there is an old question whether type p for all 1 < p < 2 
(resp. cotype q for all 2 < q < 00) implies type 2 (resp. cotype 2). It is well known 
that this is not true. We have an intermediate notion called weak type 2 (resp. 
weak cotype 2), which lies strictly between type 2 (resp. cotype 2) and type p 
for all 1 < p < 2 (resp. cotype q for all 2 < q < 00). We also have examples 
of Banach spaces with weak type 2 and weak cotype 2 simultaneously (i.e. weak 
Hilbert spaces) which is not isomorphic to any Hilbert spaces. 

In [TT] and [2] it is shown that weak type 2 is equivalent to the extendability 
of bounded linear maps from a subspace of the original space into Hilbert spaces 
by applying a suitable projection with large rank and weak cotype 2 is equivalent 
to the existence of Euclidean subspaces of proportional dimension in every finite 
dimensional subspace. Precisely speaking, a Banach space X is weak type 2 if and 
only if there are constants < S < 1 and C > satisfying the following : for any 
S C E and any u : S — > £2 there is a projection P : £% — > £2 an d a map v : X — ► £% 
such that 

rkP > Sn,v\s = Pu and ||u|| < C ||u|| 

and weak cotype 2 if and only if there are constants < 5 < 1 and C > such that 
we can find F% C F satisfying 

d Fl = d{F,£f mF ) < C and dimi^ > SdimF 

for any finite dimensional F C X, where d{-, ■) is the Banach-Mazur distance defined 
by 

d(F, E) = inf{||tt|| \u : E —* F, isomorphism}. 

Furthermore, there are many interesting equivalent formulations of weak Hilbert 
spaces ([H]). 

Coming back to operator space setting it is also natural to consider operator 
space analogues of the above weak notions. This is the theme of this paper, which 
is organized as follows. In section[2]we will define weak type (2, H) and weak cotype 
(2, H). From the definition weak type (2, H) (resp. weak cotype (2, H)) clearly lies 
between cotype (2,H) (resp. cotype (2, if)) and type {p,H) for all 1 < p < 2. 
(resp. cotype (q,H) for all 2 < q < 00). In section [3] we prove that weak cotype 
(2, H) is equivalent to the existence of a subspace completely semi-isomorphic to 
H of proportional dimension in every finite dimensional subspace. We say that 
an operator space E is completely semi-isomorphic to H if there is an completely 
bounded isomorphism u : H(I) —> E with bounded inverse for some index set I. 
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Note that H(I) is well-defined for any index set / ([18]), We will simply write H n 
when I = {1, • • ■ , n}. More precisely, we will show the following theorem. 

Theorem. E has weak cotype (2, H) if and only if there are constants < 5 < 1 
and C > such that we can find Fi C F satisfying 

dp l S :— mf{||u>|| c6 1 1 iz7 1 1 1 \w : H* LimFi — > Fi, isomorphism} < C 

and 

dimFi > SdimF 
for any finite dimensional subspace F Q E. 

In section @] we consider the case of weak type (2,H). We prove that weak 
type (2, H) is equivalent to the completely bounded (shortly, cb-) extendability of 
bounded linear maps from a subspace of the second dual space into H by applying 
a suitable projection with large rank. More precisely, we will show the following 
theorem. 

Theorem. E has weak type (2, H) if and only if there are constants < 5 < 1 
and C > satisfying for any S C E** and any u : S — > H n there is a projection 
P : H n — > H n of rank > Sn and v : E** — > H n such that 

v\s = Pu and \\v\\ cb < C \\u\\ . 

In section [5] we consider we&k-H spaces, spaces with weak type (2, H) and weak 
cotype (2, H*) simultaneously and establish 9 equivalent formulations including the 
following. Note that we need to assume that H* is also subquadratic. 

Theorem. E is a weak-H space if and only if for any < S < 1 there is a constant 
C > with the following property : for any finite dimensional F C E we can find 
F\ C F and an onto projection P : E — > F\ satisfying 

^Fi,cb := d c b(Fi, H dimFl ) < C, dimFi > SdimF and \\P\\ cb < C. 

Throughout this paper, we assume that the reader is familiar with basic concepts 
in Banach spaces ( [3 HH [22] ) and operator spaces ([HE]). I n this paper E and H 
will be reserved for an operator space and a fixed, infinite dimensional, separable, 
subquadratic and homogeneous Hilbertian operator space. As usual, B{E) and 
CB(E) denote the set of all bounded linear maps and all cb-maps on an operator 
space -E 1 , respectively. 

2. Weak type (2, H) and weak cotype (2, H) 

We start this section by reviewing the definition of type (p, H) and cotype (q, H). 
We say that an operator space E has type (2, H) if there is a constant C > such 
that 

<c •**(«) 

for all n £ N and v : E — > £% and cotype (2, H) if there is a constant C > such 
that 

<C'-£(u) 

for all n € N and v : — > E, where ir^ H (-) is trace dual of (2, i?)-summing norm 
^2,h(') defined by 

(E k \\TSe k \\ 2 )^ 



tt 2: h(T : E ^ F) =sup{- 
Note that we have ([9]) 



S:H*^E\\ cb . 



nt H (u) = M\\A\\ HS \\B\\ 



cb ' 



where the infimum runs over all possible factorization u : 1% — * H* — —> E. 



For 1 < p < 2 we use approximation number approach to define type (p, if ) and 
cotype (q,H). We define the fc-th cb-approximation number of T : — > F by 

a£(T) :=inf{||T-S'|| c6 : 5 G CB(E, F), ik(S) < k}. 

(See [T5] for operator space versions of Gelfand and Kolmogorov numbers.) We say 
that an operator space E has type (p, H) if there is a constant C > such that 

(£<w)* 

k 

for i + i = 1 and v : E — ► ii„, n e N, and cotype (q,H) if there is a constant 
C" > such that 

($>£(«)«) 1 <tf'-*(u) 
fe 

for all n 6 N and u : if* — ► E 1 , where fi„ is the n-dimensional subspace of if. 
We denote the infimums of such C and C" by T p ^(E) and C q: H{E), respectively. 
The above definition is inspired by the classical equivalence between (%2 k a,k{u) q ) ? 
and TT q ^(u) for any u : P% — * X, (Corollary 19.7 of [55]) where afe(-) is the fc-th 
approximation number defined by 

a k (u) = w£{\\u - v\\ : v € £(^2, X),rk(v) < k}. 
Indeed, there is a constant C > such that 

fe q k 

for any u : 1^ ~ * -X"- 

Now we define weak type (2, if) and weak cotype (2, if). 

Definition 2.1. (1) E is called weak type (2, if) if there is a constant C > 
such that 

sup Vka%(v) < C-t{v) 
fc>i 

for all n £ N and v : E — > if„ . 
(2) _E is called weak cotype (2, ii) i/ £/iere is a constant C > suc/i i/ia£ 

sup 

fe>i 

for all n e N and it : if * —> E. 
The infimum of such C and C will be denoted by wT^ 1 (E) and wC^(E), respec- 
tively. 

Remark 2.2. (1) If we replace all cb-norms in the definition of weak type 
(2, if), weak cotype (2, if) into the usual operator norms, then we recover 
the definition of weak type 2 and weak cotype 2 of Banach spaces, which 
means that operator spaces with weak type (2, if) and weak cotype (2, if) 
also have weak type 2 and weak cotype 2 as Banach spaces, respectively. 
(2) From the definition it is clear that weak type (2, if) (resp. weak cotype 
(2, if)) lies between type (2, if) (resp. cotype (2, if)) and type (p, if ) for 
all 1 < p < 2 (resp. cotype (q, if) for all 2 < q < oo). 

Moreover, the above gap is strict. Let X be the 2-convexified Tsirelson 
spaces by W. B. Johnson (and T. Figiel) (See chapter 13 of pj)] and [J). It 
is well-known that X is weak cotype 2 and type 2, but not cotype 2. Now 
we consider minX, and note that 

a k( u ) — a k(u) for any u : if* — ► minX. 

Thus, minX is weak cotype (2, if), but it is not cotype (2, if ) by Remark 
3.5. of [5]. On the other hand, maxX* = (minX)* has weak type (2, H) by 
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Proposition 12 . 31 and the fact that X is if-convex. However, max J* cannot 
have type (2, J?) since X does not have cotype 2 as a Banach space. See 
|10j for more examples by Tsirelson type constructions. 

We have the following duality between weak type (2, H) and weak cotype (2, H) 
as in the Banach space case. 

Proposition 2.3. (1) E has weak type (2,H) if and only if E* is K -convex as 
a Banach space and weak cotype (2,H). Moreover, 

wC?{E*) < wT?(E) < wC?(E*)K(E). 

(2) E* has weak cotype (2, if) if and only if E is K -convex as a Banach space 
and weak cotype (2,H). 

Proof. By Lemma 3.10 and succeeding remark of |16j we have 

snpVka° k (v*) < wC? (E*)t(v*) < wC? (E*)K(E)t (v) 

k>l 

for any v : E — > H n , where K(E) is the if -convexity constant of E (see chapter 2 
of p]). Thus, we have that wT?{E) < wCg{E*)K{E), and wC$ (E*) < wT£(E) 
comes from the trivial fact £*(v) < £(v*). This completes the proof of (1), and the 
proof for (2) is the same. □ 

Remark 2.4. When H = OH, the operator Hilbert space by Pisier, we have 
another version of type and cotype of operator spaces, namely S p -type and S g -cotype 
defined as follows ([5]). An operator space E is said to have S p -type (1 < p < 2) if 
there is a constant C > such that 

<>*)<c^» 

for i + | = 1 and any v : E — > OH n , n e N, where tt^C') is the completely 
(g, 2)-summing norm defined by 

and S q (F) is the vector valued Schatten class introduced in [20] . 
E is said to have S 9 -cotype if there is a constant C > such that 

O) <C'-i(u) 

for every n g N and u : OH n — > E. Note that SVtype (resp. ^-cotype) coincide 
with type (2, OH) (resp. cotype (2, OH)) and S'p-type (resp. S g -cotype) implies 
type (p,OH) (resp. coty pe(q, OH)). 

In this particular case we have a stronger result, namely weak type (2, OH) 
and weak cotype (2, OH)) imply S'p-type for all 1 < p < 2 and S q -cotype for all 
2 < q < oo, respectively. 

Indeed, it is enough to show that there is a constant C q > such that 

2 ( U ) — Cq SUp Vkal(u) 
k>l 

for all n G N and u : H* — > E. Now we assume that sup fc>1 Vka^(u) — 1 and 
choose Vk : H* — ► with rank < 2 fc and ||u — Vk\\ cb < a° k (u). Let do = v := and 
dfe : = w fc — v k-i, so that rk(iifc) < 2 k + 2 fc_1 and 

Hdfclld, < \\v k -u\\ cb + \\u-v k ^\\ cb < 2-^+2-^. 



Note that v k — u if 2 fe > n since rku < n. Thus, u = X)o<fe<i+iog 2 n dk and by 
Lemma 12.51 which will be proved in the following, we have 

< 2 («)< E <2(dk)< £ ||4|| c6 rk(4)* + * 

0<fc<l+log 2 n 0</c<l+log 2 n 

<±J2 2i( *~ i)k -=C q <oo. 

k 

Lemma 2.5. For 2 < q < oo emd N toe /icwe 

<, 2 (/offJ <« l+ *- 

Furthermore, we have 
/or a/Z u : Oi?„ — ► E. 

Proof. For the first statement we observe the following. 

<, 2 (-foffJ = ||l2,g <8 JoH B : 52 Omin OH n -> S g (OF„)|| c6 , 

where i^g : S2 —> S q is the formal identity and <2) m in is the minimal tensor product of 
operator spaces. Here, we consider the natural operator space structure on Schatten 
classes from [50]. Then, we have 

(2.1) ^2,2(Io H J=M I q) = V^ 

and 

(2-2) C,a(JoO<»*- 

Indeed, by Proposition 7.2 of [H] we have for any Y^i=x x i ® e « ^ ^ <8> 0.ff„ that 



E 2 ^ 



< 



E 

i=l 

E 



X ? ' 09 



S , 2 (^2®2<'2) 



E] ® a; 

8=1 

n 



(S 2 (&®2«2)) r 



where -E implies the conjugate operator space of E, and S P (H) and 7i r imply the 
Schatten class and the row Hilbert space on a Hilbert space H, respectively. Since 
we have 

(s 2 (£ 2 ® 2 l 2 )) r = (s 2 (e 2 ) ® 2 s 2 (i 2 )) r = (s 2 ® 2 3S) r 



we get 



E 

»=i 



%i 09 &i 



(S 2 T ® min (^ 2 ) r = (^ 2 ) r ®min (S 2 ) r , 

< \\OH n -» (5 2 ) r , e, ^ a;i|| c6 



Qin OH„ 



< ||Off„-»S a , e^^lUlJlslU 



E : 



S 2 ®mi„Oi/„ 



where J : 5 2 — > (S' 2 ) r is the formal identity and £ = spanja^} C S* 2 . If we let 
F = ran(J|_E) C (S 2 ) r , by homogeneity of 5 2 and (S 2 ) r we have E = OH n and 
E = R n completely isomctrically. Consequently, we have 



^Mlc6 = \\Jn '■ OH n — > i?n, e, H-> e 



* II eft 



n 4 . 



which implies (12. 2|) . 



By combining (|2.1[) and (|2.2[) by complex interpolation we get 

<, 2 ( J OH„) < 

Now we consider u : Offn — > E and let P be the orthogonal projection on OH n 
onto (keru)- 1 , then we have 

| (uPSeij ")ns q {E) \ 



TT° q 2 ( U ) < SUp | | 



\PS:S 2 ^(keru)^\\ cb ) 

= 7r 9 : 2( M l(kora)-L^(kort l )-L) < II «|| cb rk(u) 3 + 5? 

by the first result. □ 

3. Equivalent formulations of weak cotype (2, if) 

In this section we will establish equivalent formulations of weak cotype (2, if). 
We will see that weak cotype (2, H) is equivalent to the existence of a subspacc 
completely semi-isomorphic to if of proportional dimension in every finite dimen- 
sional subspace. An operator space E is said to be completely semi-isomorphic to 
an operator space F if there is a completely bounded map w : E — > F with bounded 
inverse and we denote 

d s (E,F) =M{\\w\\ cb \\w- 1 \\}, 

where the infimum runs over all such w (See [13] for the definition and other related 
topics). For n£N and a n-dimensional operator space E we consider 

d E,s '■= d s(H*,E), 

and we will see that dg 3 is the right substitution for cLe in this section instead of 

d cb (H:, e) = inf{iML ih _1 L \w ■■ k - £}• 

First, we start with an operator space version of Lemma 10.3 of [16) (or Lemma 
2.2 of 15J). The proof is almost the same with suitable modifications. 

Lemma 3.1. Let 0<a<l,/3>0 and A > be fixed constants and let 

tp(u) = tt 2 ,h(u*) or £(u). 

Assume that for any n € N and u : if* — > E we have 

(3.1) a° [an] (u) <A[cm]-Mu) 
whenever [an] > 1. 

TTien there is a constant C > independent of the choice of u and A such that 
we have 

(3.2) sup k p a%{u) < AC- y>(it) 

fc>i 

/or any it : if* — > _B. 

Proof. By homogeneity we may assume that A = 1. Let C n be the best C for which 
(|3.2[) holds for all u : if* — > E, and we will show that C n is uniformly bounded for 
all n£N. 

Now we fix u : H* -> £7 with ^(u) < 1, and let TV = [|] for fixed k > 1. Then 
there is a subspace S 1 C if* such that 

(3-3) || U | s || cb = a^ +1 H<C7 n (7V + l)-' 3 

and 

(3.4) af Qjv] (u| si )< [aN]-P. 

Indeed, when N < n, there is v : if* — > ramt C £J with 

rkw = A and ||u - u|| c6 = a% +1 (u) 
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by a usual compactness argument. Then S = kerw is our desired subspace since 

a° N+1 (u) < ||ii-«| s j.|| c6 = HslU= \\(u- v)\ s \\ cb < \\u-v\\ cb = a° N+1 (u) 

and by [pTTj) we have a? N] (u\ s x) < [aN]-> a . 

When N > n, S = {0} is our desired subspace since ||u|s|| c6 = a% +1 (u) = and 
by (|3.ip we have 

G[cdV]H^) - 0f«Af](«) - «[aiV](^) < a [ aN] (uP) < [aN]-^ \p{uP) < [aN]^, 

where i : H* °-> and P is the orthogonal projection from onto i?*. 
Thus, by combining (13. 3|) and (I3.4[) we have 

af a ^ ] ( U )<inf{||u- U || c6 :rk( U )<[aiV]} 

<inf{||(«-»)|5|U + ||(ti-«)Ux|U:rk(i;) < [aN]} 

< h\s\\ cb + h>£{\\u\s± - v\ s ± \\ cb : tk(v) < [aN},v\ s = 0} 

<C n (N +1)- /3 + [aN]-P 

whenever [aN] > 1, which is guaranteed if k > 2. 
Since fe > [aN], we have 

Ofc(u) < a° [aN] (u), 
and iV + 1 > — implies [aN] > k — a — 1 , so that 

k p a° k (u) < C n a! 3 + (k(k -a- 1)~Y < O' 3 + 3 (j 

for k > 2. 

Since the case k = 1 is trivial by taking uq € N such that [ario] = 1 in (|3.ip . we 
get sup fc>1 ^a°(«) < C n a@ + 3^ and consequently 

C„ < C n oP + 3^, 
which lead us to the desired conclusion. 

□ 

The following is a partial relationship between ff -norm and £-norm. 
Lemma 3.2. Let tieN and u : H* — > £7. TTiera we /icwe 

^,ifM < <.*(«)• 

Proof. Let dimi? = m G N and T : E be an arbitrary isomorphism. Then 

we have 

<h{u) < llT^II^Tr^CTu) = \\T-% b t(Tu) 

< llr-^l^iiTii^u). 

Since we take T arbitrarily we get the desired result. □ 

Now we are ready to prove our main result in this section. We mainly follow the 
proof of Theorem 10.2 of [16] with a slight modification. 

Theorem 3.3. The fallowings are equivalent. 

(1) E has weak cotype (2, if). 

(2) There are constants < 8 < 1 and C > such that we can find F± C F 
satisfying 

dp ± s < C and dimF\ > 8 dimF 

for any finite dimensional subspace F C E. 

(3) For all < 5 < 1, there is a constant C > satisfying the same statement 
as in (2). 
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Proof. (3) =*> (2) : Trivial. 

(2) (1) : Let u : H* —> E and a = 1 — f . Now we claim that 
(3.5) of an] (u)<C*(u)[cm]~ 4 

for some C > whenever [an] > 1. Note that we may assume that u is invertible 
by a typical perturbation argument. Let F = rami. Then there is F\ C F with 

dim^i > 8n and df us < C. 

If we set Si = the n ulsj : Si — > Fi satisfies the following by Lemma 13.21 

'^kHs^f <c-e(u\ Sl )<c-£(u), 

' k>l 
which implies 

a° k (u\ Sl )<C-£(u)k- 1 * 
for all k > 1. If we let N — n — dimSi, then the above is equivalent to 

a° N+k (u)<C-£(u)k-i 

for all k > 1. Choosing k = [%] we find N + k < [an]. Thus for ^ > 1 we have 



afon] («) < C • [y ] * < • £(«) ( y - l) " 
<5 2 (5(1 - a)n 



' 8n 



Since n > — = tt^t, we have 



< 



2-8 
which implies 

Sn S 3 (5 3 r 

1 > -an > -tan . 

2 ~ 2-8 ~ 2-8 1 1 

When < 1, we have n < |, so that 

ofa»](«) < IML < d cb (H* n ,m a ^) \\u\\ < n£(u) < -*(«). 
Combining these we get (|3.5[) for C" = max{C\ / ^j^, |}. 



Now by (|3.5p and Lemma 13.11 we get 

sup\/fca£(w) < C'£{u) 

k>l 

for any net! and u : H* — > F, which implies F has weak cotype (2, iJ). 
(1) => (3) : 

Consider F C F with dimF = n. Then by Theorem 3.11 of [16] there is an 
isomorphism u : H* — > F with 

£(lt) = v 7 ^ and £((w -1 )*) < F(l + logd F )V^ 

for some X > 0. 

Fix 1 < fc < n. Then by Theorem 5.8 of [16] there is Fi C F with codimFi = k-1 
such that 

|h _1 |Fi|| < K(l + logd F )^. 
Consider Si = u _1 (Fi) and u\ Sl : Si — ► F. Then there is S 2 C Si with 

dimSi /S2 = fc — 1 
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such that 

IMsJU < 2a° k (u\ Sl ) < 2wC*(E)£(u\ Sl )k-i 

< 2wC%{E)l{u)k-^ = 2wC?(E)^. 

Now we set F2 =1/(62) C Fi. Then we have 

dimi 7 ^ = dimi 7 ! — dim(kerw|5 2 ) — n — fe + 1 — k + 1 = n — 2fc + 2. 
Thus, we have 

cC, s ^ inflict ll^kll 

< 2wC?(E)J^K(l + logd F )J^ 

<2KwC?(E)(J)(l + logd§; s ). 
By replacing 2k — 2 into fc and observing ^ < 2 • 2fc "_ 2 we get F C F with 

dimi 7 " = n — k 

such that 

4; s <^cf(^)(|)(i+iogdF;) 

for each A; = 1, 2, • • • , n and some K' > 0. 
Now we define 

f(6) := inf{<ffT s : F 1 C F, dimFi > <Sn} 

for < <5 < 1. Note that it is enough to show that f(8) < B(5) for some constant 
B(S) > depending only on 5. 

Consider any Fi C F with dimi 7 ! = to > 6n. If <5to < m — 1, then we can choose 
1 < fco < ^ such that 

m — ko — 1 < <5m < m — fco 

or equivalently 

/to \ to , „. 1 m 

< < 1 - <S) < — . 

V2fc ~ / fc + 1 V 7 ~ fc 

Then by the preceding result we have F C i<\ with dimi 7 — m — k such that 

4;<^cf(F)(g)(i+io g <, s ) 

< 2if' w Cf (£)(1 - ^(l + log<J 

and dimi 7 = m — fco > <5to > S 2 n. 

When 5m > to — 1 (equivalently (1 — <5) _1 > to), we set F = F\. Then we have 

<C = d "ls < m < to(1 + logdjQ 

< (1 -5)- 1 (l + log 4Q, 

and dimi 7 = m > Sm > (5 2 n. 

By taking infimum over such i<i we get 

/(^j^Aa-^-^i+iog/^), 

where A = max{l, 2K' {E)} . Since we have 1 < f{5) < ^/n trivially, we can 
apply Lemma 8.6 of [15] . Thus, we get 

/(«) < K"A{1 - 5)-\l + log(K"A(l - S)- 1 )) := B(S) 

for some K" > 0. 

□ 
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4. Equivalent formulations of weak type (2, H) 

In this section we provide equivalent formulations of weak cotype (2, H). We will 
see that weak type (2, H) is equivalent to the completely bounded extendability of 
bounded operators from a subspace of the second dual space into H by applying a 
suitable projection with large rank. First, we establish some implications of weak 
type (2,H). In proving (1) (2) => (3) of Theorem 14.61 we follow the proof of 
Theorem 11.6 in [16] . However, we can not imitate the proof of (iv) (i) directly, 
in order to establish (3) => (1), due to the absence of appropriate operator space 
version of quotient of subspace (shortly QS) Theorem (See Theorem 8.4 of [16|). 
Thus, we take another route using the formulation in the style of Theorem 3.1 in 
[T5] , Before that we prepare lemmas similar to Lemma |3~T1 and we omit the proofs 
since they are almost the same as before. 

Lemma 4.1. Let < a < 1, /3 > and A > be fixed constants. Assume that for 
any n GN, u : —> E and v : E — > we have 

0[cm](™) < \[an]~ P t (v)tt 2 ,h{u*) 

whenever [an] > 1. 

Then there is a constant C > independent of the choice of u, v and A such that 
we have 

supfc' 3 ak(yu) < XC£* (v)tt2,h( u *) 
fe>i 

for any u and v. 

Lemma 4.2. Let < a < 1, /? > and A > be fixed constants. Assume that for 
any n £ N and v : E — > H n we have 

a° [an] {v)<\[an]^t{v) 

whenever [an] > 1. 

Then there is a constant C > independent of the choice of u and A such that 
we have 

supk^aKv) < XCt(v) 
fc>i 

for any v. 

We also need the following operator space version of Weyl numbers and their 
basic properties. 

Definition 4.3. Let T : E — > F be a cb-map between operator spaces. Then we 
define the k-th H- Weyl number of T by 

x k(T) := supK(TA) : A e CB(H*,E), \\A\\ cb < 1} 

for k = 1,2,- •• . 

Proposition 4.4. Let T : E — > F and S : F — > G be cb-maps between operator 
spaces. Then we have 

x m+n-l{ST) < X m (T)x n {S) 

for n, m = 1, 2, • • • . 

Proof. Consider A € CB(H*, E) with \\A\\ cb < 1. For any e > Owe have A\ € 
CB(H*,E) and A 2 € CB(H*,F) with rkAi < m and rkA 2 < n such that 

\\TA~A 1 \\ cb <(l + e)a^(TA) 

and 

[\S(TA - A,) - A 2 [\ cb < (1 + e)a° n (S(TA - A,)). 
li 



Since rk(SAi + A 2 ) < m + n — 1, we have 

a° m+n ^{STA) < \\STA - SA, - A 2 \\ cb < (1 + e)a°(S(TA - Ai)) 
(4.1) < (1 + e) \\TA - A 1 \\ cb x° n (S) < (1 + e) 2 < n (^K(5) 

<(1 + £ ) 2 ^(T)^(S). 
Since we took e > arbitrarily, we get our desired result. □ 

Proposition 4.5. Let T : E — > if* 6e a cb-map. Then we have 

Vkxf(T) < n 2 . H (T) 

for k = 1,2, • • ■ . 

Proo/. Consider A : H* —> E with ||A|| c6 = ||Ei ® ^He® ■ h < L Then for 
any fc = 1, 2, • • ■ we have 

„ rT w (EJ^ii 2 )! 



llEi^ e i® e ilU® mln H 

> (^||rA e4 || 2 )" = ||TA|| ffS = (5>°(TA) 2 )" 

> \/fc<(TA), 

where IM!^ refers to the Hilbert-Schmidt norm. □ 

Theorem 4.6. We have (1) (2j =>■ (Sj => (^J. 

(1) E has weak type (2,H). 

(2) There is a constant C > satisfying for any subspace S C. E and any u : 
S — > £/iere is an extension u : E —> H n such that for any k = 1, 2, • • • , n 
i/iere is a projection P^ '■ H n — » i?„ wi/i ran/; > n ~ k and 

\\P k u\\ cb <C^\\u\\. 

(3) There are constants < <5 < 1 and > satisfying for any S C E and 
any u : S —* H n there is a projection P : H n — > H n of rank > Sn and 
v : E — > H n such that 

v\ s =Pu and \\v\\ cb < C s \\u\\ . 



(4) There is a constant C > such that for any n £ N, u : £ 2 —> E and 
v : E — ► £ 2 we have 

supfcafc(wn) < C£* (v)it 2i h(u*). 
fc>i 

Proof. (1) =>■ (2) : Consider u : S — > H n and u* : H n — > E*/S ± . Since £7 is weak 
type (2, i?), it is i^-convex as a Banach space, and so is £7*. Thus, by Lemma 11.7 
of [16] there is « : H n — ► such that Qi; = n* and 

£(v) < 2K(E)£(u*) < 2y/n\\u\\K{E), 

where Q : E* — ► _E* /S* 1 - is the natural quotient map. 
Let n = v*\e- Then u : E — > H n extends u and 

£(u*) =l{v) < 2^\\u\\K(E). 

Since E* is weak cotype (2,H), we have 

Vka° k (u) < wC? (E*)£(u*) 



for k = 1,2, ••■ , n. Then by the definition of cb-approximation number there is a 
projection P k on H n with rank > n — k such that 

\\Pku\L < wC?{E*)l{u*) < 2K(E)^\\u\\ , 

which implies (2). 

(2) =>• (3) : We get (3) by setting k = [(1 - S)n], C s = C(l - P = P fe and 
v = P k u. 

(3) (4) : Consider any u : £$ E, v : E ->■ £%, and fix jfe > 1. Note that 
we can assume that u is invertible by a typical perturbation argument. Now we set 
F = ran(u) C E. Then by Theorem 5.8 of [TB] there is a constant C > such that 

Vkc k (v\ F ) < C't(i*v*) < C'£(v*) < C'K(E)£*(v), 

where i : F <—* E and c k (-) is the fc-th Gelfand number defined by 

c k (T :X^Y)= inf{||T| s || : S Q X, codim(S) < k}. 

Thus we can choose S C F such that 

IMsll < 2C'K(E)k-h*(v) and dim(P/5) < k. 

By applying (3) to v\s we get a projection 

P : H n -> P„ with rkP > <5n 

and an extension 

w:E^H n of Pu| s with H| c6 < C 5 ||v|s|| . 
Now we let Q : H n — > P n be the orthogonal projection onto it -1 (>S). Note that 
rk(/ — Q) = n — rkQ < n — duns' < k 

and 

rk(J - P) = n - rkP < (1 - S)n. 
Thus, for 8' = 1 — 6 we have 

aik+[S'n] (vu) < a k+[s , n] (Pvu) < a k (PvuQ) = a k (wuQ) 

< a k {wu) — a k {u*w*) = x k \u*w*) 

< \\™*\\cb x k(u*) < 2C s C'K(E)k- 1 t(v)7r 2M (u*). 
The last inequality comes from Proposition ^. 51 

1 



When k — [{^-)n], we have 



2 fc+[ ( y'„]<[(i±i>] ) 



so that 



< ~y~J ^ fca 2fc+[y»](^) < C"£*(v)tt2m(u*), 
where C" — S ^g, - CsC'K(E). Finally by Lemma I4TT1 we get our desired result. 



4(1 + 6') 



1-6' 



□ 



Before we establish equivalent formulations of weak type (2, H) we need the 
following lemma. 

Lemma 4.7. Let dimE = n. Then there is an isomorphism u : E — > H* such that 

K2,h{u) — \fn and \\u~ 1 \\ cb = 1. 
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Proof. By Lewis' theorem (Theorem 3.1. of |16j ) there is an isomorphism u : E — > 
H* such that 

^2,h{u) = \fn and 7r| iH -(tt _1 ) = \fn. 

Note that we have 

<ff(« -1 ) = infiPH^ ||A|| C J, 

where the infimum runs over all possible factorization : £2 ^« ^< 
Thus, we can apply the same argument as in the proof of Theorem 9.1 in [18] . □ 

Finally, we have the following equivalent formulation of weak cotype (2, H). 

Theorem 4.8. The fallowings are equivalent. 

(1) E has weak type (2, if). 

(2) There are constants < 8 < 1 and C$ > satisfying for any S C E** and 
any u : S — ► 2f„ iftere is a projection P : 2T n — * 22 n 0/ ranA; > <5n and 
v : E** — > iJ„ suc/i i/ia£ 

u|g=Pu and ||u|| cb < Cfc ||u|| . 

(3) There is a constant C > suc/i t/iai for any n G N, u : — > F** and 
u : F** — > £ 2 l we Ziove 

supa fc (wu) < Ci*(v)n2,H(u*). 

k>l 

Proof. (1) =4> (2) : Since E is F-convex, E** has weak type (2, if) by duality 
(Proposition 12 . 3| . Then we get our desired result by Theorem 14.61 

(2) =S> (3) : Theorem HU 

(3) => (1) : Note that E is weak type 2 and consequently F-convex by Theorem 
3.1 (c) [15] . Now we consider w : 23 — > 22 n and choose F C 27* with rami* C F and 
dimF = n. By Lemma 14.71 there is an isomorphism 



u:H*^F 



such that 



u 



cb 



1 and W2,h(u 1 ) < 



By Proposition 5.1. of [TS] there is an extension 

u^ 1 : E*** -> H n 

with 

K2,h(u- x ) = 7r 2 ^(u _1 ). 
If we let w — u~ 1 \e* , then for any k > 1 we have 

a° fe («) = a^*) < ||u|La£( U -V) = a fc (^*) 

= a k (v**w*) < Ck- 1 t{v**)i: 2M {w**). 

Note that w** — so that we have 

Vka° k (v) < C^t(v**) < CK{E)^t{v) 

by applying (3) to w* and v** . If we set k = [j], then we get our desired result by 
Lemma 14.21 

□ 

Remark 4.9. We do not know whether we can replace E** into E in Theorem 
at the time of this writing. 
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5. Weak-H space 



Now we consider an operator space analogue of weak Hilbert space and its various 
equivalent characterizations as in chapter 12. of [IB] . We assume that H is perfectly 
Hilbcrtian, i.e. H and H* are both subquadratic, since we will consider weak type 
(2,iJ) and weak cotype (2, if*) simultaneously Note that we use d c f,(-,-) instead 
of d s {-, •) in (2) of Theorem 15. 3[ which looks more natural in the operator space 
setting. 

Definition 5.1. E is called a weak-H space if it has both weak type (2, H) and 
weak cotype (2,£P). 

Remark 5.2. Clearly a weak-iJ space is weak Hilbert space as a Banach space 
and consequently reflexive by Theorem 14.1 of [16] . 

First, we present an analogue of Theorem 12.2. of [16] with a suitably modified 
proof. 

Theorem 5.3. The followings are equivalent. 

(1) E is a weak-H space. 

(2) For any < S < 1 there is a constant C > with the following property : for 
any finite dimensional F C E we can find Fi C F and an onto projection 
P : E — > Fi satisfying 

^Fi.cb : = d c b{F\, H dimFl ) < C, dimFi > SdimF and \\P\\ cb < C. 

(3) There are constants < 5 < 1 and C > with the same property as in (2). 

(4) There are constants < a < 1 and C > such that for any n € N and 
u : H n — > E we have 

a° [an] (u) < C[an]-^^ H {u*). 

(5) There is a constant C > such that for any neH and u : H n — > E satisfies 

sup Vka° k (u) < Ctt 2 . h (u*). 

k>l 

(6) There is a constant C > such that for any finite dimensional F C_ E* 
with dimF = n G N and for any k = 1, • ■ ■ ,n we can find Fx C F with 
dimF\ > n — k and a projection P : E* — > F\ such that 

Here, ~/h* (•) is defined as follows. For T G CB(E,F) 
7jr .(T) ^mftlllillJIT^J, 
where the infimum runs over all possible factorization 

T :E F 

/or some index set I . 

Proof. (1) =*> (2) : First, we consider C > and C 5 > in (2) of Theorem [33] 
and (3) of Theorem 14.61 Then for fixed finite dimensional subspace F C E there 
is a further subspace F Q F with dirrLF(= u) > v^dinxF and an isomorphism 
T : F —> H n with 

||T|| <land Hr- 1 !!^ < C. 

Now we apply (3) of Theorem 14. 61 to T. Then there is a projection Q : H n — ► 
and a map v : E —> H n such that 

rkQ > V^dimF, «|^ = QT and ||u|| c6 < C«5. 

15 



Set Fx := T^franQ) and P := T~ x Qv. Then clearly we have 

d^ ch <\\T-\ b \\v\\ cb <CC 5 
and dimFi = rk(Q) > SdimF. Moreover, for any x E OH n we have 

PT- x Qx = T- x QvT- x Qx = T~ x QQTT~ x Qx = T~ x Qx. 
Thus, P is a projection onto F\ and 

l|i'IU<||r- 1 || c6 |HU<cc a> 

and consequently we get the desired result for C — CCg. 

(2) =S> (3) : Trivial. 

(3) (4) : Let a = 1 — |, and consider u : H n — ► F. We may assume that 
F = u(H n ) is of dimension n. By applying (3) to F we get i*i C F and a projection 
P :E -> Ei with 

dimFi = [H + 1, d& cb < C and ||P|| c6 < C*. 
Then we can choose an isomorphism T : F\ — > -ff m for m = dimi 7 ^ with 



imu iit-^l < c. 



left 



Thus, we get 



k>l 



k>l 

\T- x \\ cb \\TPu\\ HS = \\T- x \\ cb \\u*p*T*\ 



HS 



= \\T-\ b ^ H (u*P*T*) 

< ||HlJl r IUI p IL*vK*0 



and consequently 



a° k (Pu) < C 2 ir 2M (u*) 



By choosing k — we get 



<5n 

T 



Now we choose a map v : H n — > J5 such that rk(u) = — 1 and 

||P U -^|| ch <2C 2 ^( U *)[^ 
Since rk(i> + u — Pu) < n — [%] — 1 and u — (v + u — Pu) = Pu — v, we get 



a° [an] (u)<a° n _ m (u)<2C 2 n 2 , H (u*) 



5n 



Note that 



Thus, we have 



5n 

T 



> n ~ [an] > ^ 1 ) [an]. 



af an] («)<2f--l] C^ 2 . H {u*)[ a n 



(4) =>■ (5) : By Lemma EU 

(5) => (6) : Let F C P* be a subspace with dimP = n. Then by Lemma I4T7I 
there is an isomorphism T : H n — > F such that 

||T|| c6 = 1 and tt 2 m(T- x ) = V^- 
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By Proposition 5.1. of [T5] there is a map v : E* — > ii„ such that 

v\ F = T^ 1 and tt2,h{v) = y/n. 

Note that the condition (5) implies the condition (v) in Theorem 12.2 of [16] , which 
is equivalent to E is a weak Hilbert space, and consequently E is reflexive by 
Theorem 14.1 of [IB]. Thus v = u* for some u : H n — ► E by the reflexivity of F. 
Then we have by (5) that 

sup-\/fca^(w) = sup Vka%(u) < Ctt2,h(u*) = Cit2,h( v ) — Cy/n. 
k>i " fc>i 

From the definition of cb-approximation numbers there is a projection Q : H n — ► if n 
with rank > n — k such that 

fn 
k' 

Indeed, there is a map v : E* — ► Ff n such that 



rkw < k and ||i> — v|| cfc < Cy — . 

Let Q be the orthogonal projection from H n onto rany . Then Q is the desired 
projection since 

IIQHIcfe = WQ V ~ Qv\\ cb < and rk<2 > n — k. 

Now let Fx = ranTQ. Then dimFi > n — k and P = TQv is a projection onto 
Fx. Moreover, we have 

l H .(P)<\\T\\ c JQv\\ cb <C^. 

(6) =*> (1) : First, we observe that (6) implies (2) for (E*,H*). Indeed, if we let 
P : E* — > Fx be the projection in (6), then there are maps A : FT — > H*(I) and 
Fi : FF*(F) ->■ Fx such that 

/n 
fc 

for some index set I. Thus, if we set fc = [(1 — S)n] when (1 — S)n < 1 and k = 1 
otherwise, we have 



\M cb \\B\\ cb <C 



d F U cb '■- d cb(Fi,H^ imFi ) < cJ~-^ < c^J -^r$> 

which implies (2) for E* . 

Then by applying the implication (2)^(3)^(4)^(5)^(6) we get (6) for (E*,H*), 
and by applying the above result we get (2) for (E**,H). Now we have that (E**,H) 
and (E*,H*) both satisfy condition (2), which means that E* has weak type (2, if*) 
and weak cotype (2, if) by Proposition ^. 31 

□ 

We will consider an equivalent condition of weak- if spaces using Grothcndieck 
numbers corresponding (xi) of Theorem 12.6. in [TBJ. Recall that T n (X), the n-th 
Grothcndieck number of a Banach space X is defined by 

T n (X) := sup{ |det«aB,-, Wj ->ij-)|" : ( x i)U & B x, {Vj)%i Q By}, 

where B\ and ffx* imply corresponding unit balls of X and X* , respectively. It is 
well known that a Banach space X is a weak Hilbert space if an only if 

sup T n (X) < co 

n>l 
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((ix) of Theorem 12.6. of [IB]). 

There is a reformulation of T n (T) appropriate to consider an operator space 
analogue. Let 

T' n (X) :=sup{|det(™)|*}, 
where the supremum runs over any u : £ 2 — > X and v : £ 2 — > X with 

""2(m*) < V" an d 7T2(v) < Vri- 

By combining (3) of Proposition 1.1. and Theorem 2.1. in [7] and Proposition 3.2. 
in [2] we have 

T n (X)<T' n (X)<C-T n (X) 

for some constant C > independent of n. 

Now we define (E), the n-th if-Grothendieck number of an operator space E 

by 

T%(E) :=sup{|detMI"}, 
where the supremum runs over any u : £ 2 — » _E and v : £ 2 ^ E with 

K2,h{u*) < v^and 7r 2: ff* (w) < \/™- 

We will also consider an equivalent condition of weak- if spaces using eigenvalue 
estimations of certain linear maps corresponding (ix) of Theorem 12.6. in [16j . Let 
jjj be the trace dual of jh, and note that we have for any finite rank linear map 
T : E — > F between operator spaces that 

7 * H (T) =M{7T 2tH ,(A)7T 2tH (B*)}, 

A B 

where the supremum runs over all possible factorizations T : E — ► £ 2 (i) — ► F for 
some index set I (Theorem 6.1. of [18]). 

In the proof we need an analogue of Theorem 3.1 in [15] . Consequently, we add 
three more equivalent conditions of weak- if spaces as follows. 

Theorem 5.4. The conditions (1), (6) in Theorem \5.3\ are equivalent to the 
followings. 

(7) There is a constant C > such that for any n G N, u : £?? — > E and 
v : E — > £ 2 we have 

supka k (vu) < C-K2,h{u*)-k 2 ,h*{v)- 



k>l 

(8) 



su P r^(i5) < 00. 



(9) There is a constant C > such that 

sup k |Afc(T)| < C ■ 7|f (T) 
fe>i 

for all finite rank linear maps T : E — > E . 

Proof. (5) => (7) : Consider u : 1% -> E and v : E -> £%. Then by Proposition 
and 14.51 we have 

sup kak(vu) — sup kx k (vu) < 2 sup i/nXn (v)supVkx^ (u) 

k>l k>\ n>l k>l 

< 2-K2,h* (v) sup Vkx^ (u) < 2it2,h* (v) sup Vka1(u : H n — ► E) 

k>X k>l 

< 2tt 2 ,h-(v)^2,h( u *)- 
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(7) => (5) : Consider u : H n — > E and choose F C E with ranu C F and 
dimF = n. By Lemma 14.71 there is an isomorphism v : F — > iJ n such that 

7T2.H* ( w ) = an d Ip - || 6 = 1- 
Now we consider an extension v : E — > H n of v with 

K2,H*{v) = 7T 2 ,ff(u). 

Then we have 

a°k( u ) < || l '~ 1 || c & a fe( l;u ) = a k(vu) < CArV2,.ff(«*) 7r 2,fl-*(v) < C—tt 2 m(u*). 
Thus, for fc = [§] we get 

a° k (u) < 2V2Ck-K 2jH {u*), 
which leads us to the desired result by Lemma |3~T1 

(7) (8) : Consider any u : IV; —> E and v : IV; —> E with 

^2,h( u *) - \/n &ndiT2M*(v) < \fn. 
Then by Proposition 1.3. of [7j we have for some constant C > that 

|det(w)|™ = ( II " < (— ) ™ supa fc (uw) 

fc=i fc - 1 

c c r c 

< — supa fc (t)u) < -K2,h{u*)tt2,h* (v) 

n fc >i n 

< C'C. 

(8) => (7) : Consider any u : IV, — » F and v : IV, ^ E. Then we have 



TT2,h(u*)tT2,H* (v) ^2,h{u*)tT2M* («) ^ ^ 

= r^r t -r |det(w)|" 

< if (£0- 

(5) =>■ (9) : Let T : E — > E be a finite rank linear map. For any given e > we 
consider a factorization 

T : E £ 2 (I) F 

for some index set / with 

< (l + e) 7 ^(T). 

Then we have by fl~Tj) 

a°2k-i(T) < <{B)a° k {A) = a£(£*K(A) < C 2 ^ 1 ^-^)^^*) 
and consequently 

supfc|A fc (T)| <supfc<(T) < 4(1 + e) 7 ^(T). 
fc>i fe>i 

(9) =S> (8) : Consider any u : P 2 l —> E and v : E ^ £ 2 with 
K2,h{u*) < V^and 7T2,h-*(u) < Vn. 
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Now we choose an unitary matrix U such that \vu\ — Uvu. Then for some constant 
C > we have 

" - 
|det(wn)|» =det(|w|)» = [ Afc(77w) 

k=l 

n j_ 1 s i 

fc=l 

< — j* H (uUv) < ^-^ H (U*u*)^ 2 , H ,(v) 

n n 

< CC 1 . 

□ 

Remark 5.5. (1) With the same proof as Theorem 15.41 we get the following 
equivalent formulations in the style of Theorem 3.1 in [15J. 

• E has weak type (2, H) if and only if there is a constant C > such 
that for any neN,u:^£' and v : E* — ► we have 

sup fcafc(uit) < C£*(u*)tt2,H'(v)- 

k>l 

• _E has weak cotype (2, if) if and only if there is a constant C > such 
that for any n e M, w : <J ~* £ and v : E — » ^ we have 

supfcafe(uu) < C^(u)7T2 j if(?;). 
fc>i 

(2) Unlike in the Banach spaces cases the following condition is not equivalent 
to weak-iJ spaces. 

(i) There is a constant C > such that 

su P fc|A fc (T)| <C-v°{T) 

k>l 

for all completely nuclear map T : E —t E, where v°(-) means com- 
pletely nuclear norm ([!]). 
Indeed, if we consider another homogeneous Hilbcrtian operator space 7i 
which is not completely isomorphic to H, then 7i satisfies (i) but it is not 
a weak-i? space. Actually, TC satisfies the following stronger condition. 
(ii) There is a constant C > such that 

^2\X k (T)\<C-u°(T) 

k>l 

for all completely nuclear map T : E — > E. 
This condition is obtained from the Banach space case and the fact that the 
set of all nuclear maps on Tt coincide with the set of all completely nuclear 
maps on Ti. with equivalent norms. 

It is easy to see that the same proof works even though we replace the 
cotype (2,7?) condition into weak cotype (2,iJ) in Proposition 3.8. of [9]. 
Thus we can conclude that if Tt is a weak-7J space then it is completely 
isomorphic to H itself, which is a contradiction. 

(3) If an infinite dimensional operator space E satisfies the condition (ii), 
then there is a constant C > such that E is C"-homogeneous and C"- 
Hilbertian and C" < C'C 2 , i.e. E is C"-isomorphic to a Hilbert space 
and every bounded linear map u : E — > E is completely bounded with 

NL<c"NI. 

Indeed, let E be an infinite dimensional operator space satisfying the 
condition (ii). Then by Theorem 2.1. of [19] it is enough to show that 
every finite dimensional subspace of E is completely complemented with 
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constants bounded by C . Let F be a finite dimensional subspace of E and 
j : F e — > _E be the inclusion. Then by trace duality (Corollary 3.1.3.9 of [8]) 
we have for any S £ CB(F) that 



v°(jS) = su V {\tv(vjS)\ :\\v:E^ F\\ cb < 1} 
= sup{|tr(«S)|:|NI 8 ,c6<l} 5 

where 

IMIe,c6 : = ™ { {\H cb ■■ U £ CB{E, F),u\F = «}. 

This implies || -|| e cb and v°(j-) are norms on B(F) which are in trace duality. 
Thus, we have 

H'iHU = S MMS)\ : S £ CB(F),v°(jS) < 1}. 
By Proposition 12.2.3 of [3] we have the following commutative diagram : 
F — E 

B(£ 2 ) ► Si 

M ab 

with ||A|| c6 \\B\\ cb < v°{jS) and \\a\\ HS , \\b\\ H? < 1, where M ab is the two- 
sided multiplication operator by a and b. Since B{l-i) is injective in the 
sense of operator space, we can extend A to 



A : E -> B(£ ? ) with 



A 



= Pll c6 - 

CO 



Now let S = BM^A £ CB(E), then since S is an extension of S, eigenval- 
ues of S are also eigenvalues of S. Thus, we have 



J2\X k (S)\<J2\\ k (S) <Cv°{S) 



k=l fe=l 

<C A \\B\\ cb \\a\\ 

HS 

II 1 1 CO 

and consequently 

ll^|| e , co < c. 

(4) By trace duality we have 

1* H {T) < v°{T) 

for any finite rank map T : E — > E. Thus, we can conclude that the 
following condition is equivalent to being completely isomorphic to H . 
(Hi) There is a constant C > such that 



^2 \^(T)\ < C ■ 7h-(T) 



k>l 

for all completely nuclear map T : E — > E. 
Indeed, (Hi) implies E is C"-homogeneous and C"-Hilbertian for come con- 
stant C" > by (3) and is a weak-_ff space by Theorem l5.4l By Proposition 
3.8. of :9j again (with a suitably modified proof) we have that E is com- 
pletely isomorphic to H. 
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